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1. Introduction 



We prove two results about smoothness in Banach spaces of the type C{K). Both 
build upon earlier papers of the first named author [3,4]. We first establish a special 
case of a conjecture that remains open for general Banach spaces and concerns 
smooth approximation. We recall that a bump function on a Banach space X is a 
function (3 : X — > M which is not identically zero, but which vanishes outside some 
bounded set. The existence of bump function of class C l implies that the Banach 
space X is an Asplund space, which, in the case where X = C(K), is the same as 
saying that K is scattered. It is a major unsolved problem to determine whether 
every Asplund space has a C 1 bump function. Another open problem is whether the 
existence of just one bump function of some class C m on a Banach space X implies 
that all continuous functions on X may be uniformly approximated by functions of 
class C m . It is to this question that we give a positive answer (Theorem 2) in the 
special case of X = C(K). 

Our second result represents some mild progress with a conjecture made by the 
second author in [7]. The analysis in that paper of compact spaces constructed 
using trees suggested that for a compact space K the existence of an equivalent 
norm on C{K) which is of class C 1 (except at of course) might imply the existence 
of such a norm which is of class C°° . Certainly, this is what happens with norms 
constructed using linear Talagrand operators as in [5,6,7]. The other important (and 
older) method of obtaining C 1 norms is to construct a norm with locally uniformly 
rotund dual norm. What we show in Theorem 2 is that, whenever C(K) admits an 
equivalent norm with LUR dual norm, then there is also an infinitely differentiable 
equivalent norm on C{K). 

For background on smoothness and renormings in Banach spaces, including an 
account of Asplund spaces, we refer the reader to [1]. In particular, an account is 
given there of the connection between smooth approximability of continuous func- 
tions and the existence of smooth partitions of unity. Following what seems to be 
standard practice in the literature, we have chosen to state the formal version of 
our first theorem (Theorem 1) in terms of partitions of unity, rather than approxi- 
mation. 
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Formalizing a definition which appears implicitly in [6,7], we shall say that a 
mapping T : C(K) — > c${K x T) is a (non-linear) Talagrand operator of class C m if 

(1) for each non-zero / G C(K) there exist t £ K,u £ T such that = ||/||oo 
and (T/)(t,u)^0; 

(2) each coordinate function / i-» (Tf)(t,u) is of class C m on the set where it 
is not zero. 

It follows from Corollary 3 of [6] that if C{K) admits a Talagrand operator of 
class C m then C(K) has a bump function of the same class. Corollary 2 of [6], 
or Theorem 2 of [5], shows that if C(K) admits a linear Talagrand operator then 
C(K) admits an equivalent C°° norm. Whilst there certainly exist examples of 
compact K such that C(K) has a C°° renorming but no linear Talagrand operator 
(for instance, the Cieselski-Pol space, [1, p260]), it is worth noting that, by the 
first of the theorems in this paper, a non-linear Talagrand operator exists whenever 
there is a bump function. 

Admissible subsets of compact scattered spaces 

In this short section, we establish some notation that will be used consistently 
later on, and prove one easy result. We consider a compact scattered space K. 
The derived set K' is defined as usual to be the set of points t in K which are not 
isolated in K. Successive derived sets K a ^ are defined by the transfinite recursion 

K° = K; K p = P| {K a )'. 

a</3 

There is an ordinal 8 such that is non-empty and finite (so that K^ 5+1 ^ = 0). 
For each t € K there is a unique ordinal a(t) < 8 such that t € K a ^ \ K a ^ +1 . 
Since t is an isolated point of K a ^\ there is a compact open subset V of K such 
that VHK a ^ = {t}; we choose such a V and call it V t . For finite subsets B of K, 
we set V B = \J t€B V t . 

Lemma 1. Let B be a nonempty finite subset of K and let a = a{B) be maximal 
subject to BD ^ 0}. Then V B n K a = B n K a and hence V B n K a+l = 0. 

Proof. Let t be in B. If a(t) < a then V t n K (q) = 0, whilst if a(t) = a then 
V t n = {t}. Thus V B DK a = Bn K a , as claimed. 

We shall say that a finite subset A of K is admissible if s £ V(t) whenever s and 
t are distinct elements of A. 

Lemma 2. Let K be a compact scattered space and let H be a nonempty, closed 
subset of K. There is a unique admissible set A with the property that A C H C 
V(A). 

Proof. We start by describing a recursive procedure which constructs one possible 
admissible A with the required property. Let ao = max{a : H n ^ 0}; thus, 
H fl K( a °) is a nonempty finite set, which we shall call A . If H C Va we set 
A = A and stop. Otherwise, we set Hi = H\ Va , cxi = max{a : Hi n ^ 0}, 
Ai = i?i fl K( Ql \ and continue. In this way, we construct a decreasing (and 
so, necessarily finite) sequence ceo > a\ >■■■> ai of ordinals, and finite sets 
Aj = HnK^\V Ao u-uA,_i, in such a way that if C Va u---ua, • By construction, 
the set A = A U • • • U A\ is admissible. 
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We now show uniqueness. It will be convenient to proceed by transfinite induc- 
tion on ao- Let B be admissible and suppose that B C H C Vb- By Lemma 1, 
a(B) = a and B D K (a °^ C C n K (qo) C Vb D if (ao) = 5fl K (qo) . Thus ^ C B. 
We now have a closed set Hi = H \ Va and an admissible set B\ = B \ A with 
Bi C ffj C V Bl . Since ai = max{a : Hi n 7^ 0} < ao, we may use our 

inductive hypothesis to deduce that Bi = A\A , whence B = A. 

Improving bump functions on C(K) 

Let X be a Banach space that admits a bump function of class C m ; so there is 
a function a G C m {X) such that a(0) = 1 while a(x) = for ||x|| > 1. By forming 
(3, where (3{x) = 4>(a(x/R)), with R > and 4> : R — > R suitably chosen, we obtain 
a function of class C m , taking values in [0, 1] satisfying 

P(x) = 1 when ||x|| < 1 
0(x) = when ||x|| > R. 

Of course, if X admits partitions of unity of class C m , then (starting with a partition 
of unity each of whose members has support of diameter at most e) we easily obtain 
a function satisfying the above conditions, with R = 1 + e and e an arbitrarily 
small positive real number. In general, we do not know whether a bump function 
can always be "improved" in this way. This section is devoted to showing how 
to achieve such an improvement in the case where X is a space C(K) equipped 
with the supremum norm. We start with an elementary and no doubt well known 
exercise in calculus. 

Lemma 3. Let K be a compact space and let 8 : M — » R be of class C m . Then the 
mapping : C(K) — > C(K) given by ©(/) = 6 o f is of class C m . 

Proof. We proceed by induction on m. For m = we are merely assuming 6 to 
be continuous, and continuity of follows from the uniform continuity of 8 on 
bounded subsets of R. 

If m > 1 we consider /, h in C(K) and apply the mean value theorem point by 
point to obtain 

8(f(t) + h(t)) - 8(f(t)) = 8'(f(t) + C(t)h(t))h(t), 

with < C(t) < 1. The uniform continuity of 9' on bounded subsets of R now tells 
us that the right hand side of the above equality equals 9'(f(t)) + o(||/i||oo). So 
is differentiable with 

D0(/) • h = (8' o /) x h. 

The linear mapping D0(/) : C{K) — > C(-ff) is thus the operator Mgi of multipli- 
cation by 8' o /. Thus the derivative D0 : C(K) — > may be factored as 
follows 

C(K) - C(tf) -> £(C(A-)), 

where the first factor is / ^ o / and the second is the linear isometry g 1— > M g . 
Our inductive hypothesis tells us that the first of these is of class C m_1 . So DO is 
of class C 771 ' 1 and of class C m . 
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Proposition 1. Let K be a compact space such that C(K) admits a bump function 
of class C m . Then, for all real numbers n > £ > 0, there is a function /3g ;?7 : C(K) — > 
[0, 1] of class C m such that 



1 when ll/H oo < £ 
when \\f\\oo > n 



Proof. By hypothesis, there exists a function a : C(K) — > R, of class C m , such that 
a(0) = 1 while a(/) = for ||/||oo > 1- As in our introductory remarks, we may 
assume that a takes values in [0, 1]. We define (3^ v by 

0^(f) = a(9of), 

where 9 : R — > R is a function of class C°° chosen so that 



9(x) 



when \x\ < £ 

1 when \x\ > n 



Construction of a Talagrand operator and of partitions of unity 

This section is devoted to a proof of the following theorem. 

Theorem 1. Let K be a compact space and let m be a positive integer or oo. The 
following are equivalent: 

(1) C(K) admits a bump function of class C m ; 

(2) C(K) admits a Talagrand operator of class C m ; 

(3) C(K) admits a partitions of unity of class C m . 

It will be enough to prove that (1) implies both (2) and (3). We start by showing 
how to construct a Talagrand operator, starting with a bump function on C(K). As 
we remarked in the Introduction, the existence of a smooth bump function forces 
K to be scattered. So we can use the notion of admissible set as developed above. 
We let Q be the set of all triples (£, rj, £) in Q 3 with < £ < rj < (, and write A 
for the set of all admissible subsets of K. Choose positive real numbers c(£, rj, £) 
with v £)eQ c (£' C) < °°- For < £ < n let (3^ v be as in Proposition 1, and, 
finally, for < n < (, let <f> VtC : R -> [0, 1] be of class C°° with 

^ | when |x| < 

\ 1 when |x| > (" 

We define T : C(K) ^r(JfxQxi)by 

(T/)(a, e, V, C, A) = c(£, 77, C)/9 €fl (/ x X k\vJ fl ^,<(/(*))Xa(s). 

We notice that, for this expression to be non-zero, we need A Q F Q Va, where F 
is the closed set |/(*)| > Now, we know by Lemma 2 that, for given 

rj and /, there is just one A for this is true. It follows easily that T takes values 
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in Cq(K x Q x A). It is also clear that each coordinate of T, that is to say, each 
mapping / i— > (Tf)(s, £, rj, (, A), is of class C m . 

To show that T has the Talagrand property, we consider / ^ and set F = {t G 
^ : 1/(01 = ||/||oo}- Let A be the admissible set for which A C F C and choose 
rationals < £ < 77 < ( such that £ < ||/||oo an d £ > 11/ x Xx\v A ll°o- For any 
5 G A we have = ||/|U and (Tf)(s,£, V ,() + 0. 

We now pass to the construction of partitions of unity. We shall proceed by 
transfinite recursion on the derived length of K. Recall from Section 2 that there 
is an ordinal 5 such that is finite and non-empty, so that is the first 

empty derived set of K. We assume inductively that, if V is a compact space with 
y( 5 ) = and such that C(V) has a bump function of class C m , then C(V) admits 
C m partitions of unity. We need to show that C(K) also admits C m partitions of 
unity. To do this it will be enough to construct partitions of unity on the finite- 
codimensional subspace X = {/ G C(K) : f(t) = for all t G R( s \ We shall use 
the following result from an earlier paper by the second author. 

Proposition 2 (Theorem 2 of [6]). Let X be a Banach space, let L be a set 
and let m be a positive integer or 00. Let T : X — > c (L) be a function such that 
each coordinate x *— > T(x) 1 is of class C m on the set where it is non-zero. For each 
finite subset F of L, let Rp '■ X — > X be of class C m and assume that the following 
hold: 

(1) for each F, the image Rf[X] admits C k partitions of unity; 

(2) X admits a C k bump function; 

(3) for each x G X and each e > there exists A > such that \\x — Rpx\\ < e 
if we set F = {ue L: \(Tx)(u)\ > A}. 

Then X admits C m partitions of unity. 

In applying this result we shall take L to be K x Q x Ao, where Aq consists of 
the admissible subsets A such that A D = 0. The operator T is the Talagrand 
operator constructed above (though with the argument A restricted to lie in *4o)- 
We have already shown that T takes values in Co(L) and that the coordinates of T 
are of class C m . We define the reconstruction operators Rp as follows: if F C L 
has elements (si,£i,r)i,QiAi) (0 < i < n), we set V(F) = [j i<n Va ; and define 
RfH) = / x Xv(f)- So Rp : X — > X is a bounded linear operator and the image 
Rp may be identified with C(V(F)), which, by our inductive hypothesis, admits 
partitions of unity of class C m . 

It only remains to check that (3) holds, so let / G C{K) and e > be given. 
Let H be the set {t G K : \f{i)\ > e} and let A be the admissible set such that 
A C H C Va- For suitably chosen 0<£<r]<(<ewe have 

(Tf)(s,t,ri,C,A) = c(Z,ri,Q>0 
for all s G A. We set A = c(£, rj, C) and note that V(F) D Va- So 

11/ - Rf f \\oo = 11/ X XK\V(F)\\oo 

< 11/ x Xk\v a \\oo < e. 

Infinitely differentiable norms 
We shall now prove the second theorem of this paper. 
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Theorem 2. Let K be a compact space such that C(K) admits an equivalent norm 
with locally uniformly rotund dual norm. Then C(K) admits an equivalent which is 
of class onX\{0}. 

The norm which we construct will be a generalized Orlicz norm, defined on the 
whole of £°°(K), which we shall show to be infinitely smooth on the subspace C{K). 
We recall some definitions. Suppose that, for each t € K, we are given a convex 
function <f) t = (f>(t, •) : [0, oo) — > [0, oo) satisfying <j){t, 0) = 0, lim^^oo (f>(t, x) = oo 
(that is to say an Orlicz function) . The generalized Orlicz space £ ( j ) ^(K) is defined 
to be the space of all functions / : K — > R such that YlteK^i I/(*)I/p) < 00 f° r 
some p € (0, oo). The generalized Orlicz norm of such a function is defined to be 

||/IU ( . ) =inf{p>0:^^,|/(t)|/p)<l}. 

t€K 

The first of the following lemmas is elementary and the second uses the familiar 
idea of "local dependence on finitely many coordinates." 

Lemma 4. Suppose that there exist positive real numbers R < S such that (f>(t, R) = 
and <j>(t,S) > 1 for all t € K. Then £ H .)(K) = £°°(K) and 

< ll/lloo < 

Lemma 5. Let </>(•), R and S be as in the preceding lemma, and let X be a linear 
subspace of £°°(K). Suppose that, whenever f € X and ||/||^(.) = 1, there exists 
a positive real number 5 and a finite subset F of K such that g(t) = whenever 
g G X, ||/ — gWvc < 5 and t £ F. Assume further that each of the functions 
4>{t,cdot) is of class C°° . Then the generalized Orlicz norm \\ ■ ||^(.) is of class C°° 
onX\{0}. 

Proof. If /, F and 8 are as in the statement of the lemma, then the function $ 
defined by 

*fo) = 5>(*.is(*)i) 

is of class C°° on {g 6 X : \\f — g\\oo < 8}, since it coincides with the finite sum 
J2t€F b(*)l) °f given C°° functions. Thus our hypothesis tells that there is an 
open subset U of X containing the set {/ € X : \\f\\,p(.) = 1} and such that $ is 
C°° on U. We define V = {h,p) € (X \ {0}) x (0, oo) : p~ x h € U, an open set in 
X. On V we define V(h, p) = $(p -1 ^), which is of class C°°. For each h € X \ {0} 
there is a unique p = ||^||</>(.) such that (/i,p) € V" and ^(h,p) = 1. Moreover, we 
may calculate the partial derivative 

D 2 ^(/ l ,p) = -p- 2 ^^(p- 1 |/ l (t)|), 
t 

and note that this is nonzero when p = ||/i||^>(.), since 4>' t (x) > whenever 4>t{x) > 0. 
Thus the Implicit Function Theorem may be applied to conclude that || • ||^(.) is of 
class C°° on X \ {0}. 

To choose suitable Orlicz functions 4>t m our theorem, we shall need to use the 
special properties of K. The assumption that C{K)* has an equivalent LUR dual 
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norm implies (and, by a theorem of Raja [9], is actually equivalent to) the compact 
space K being a-discrete. So we may assume that there are pairwise disjoint subsets 
Di of K, each one discrete in its subspace topology, with K = |J iew D;. We note 
in passing that we are not assuming the Di to be closed, merely that Di has empty 
intersection with its derived set D[. We fix positive real numbers rj < 1 with 
riiew r i > an d, for t G K, define two real numbers 

a(t) = [Jfo : t G Di} 
m = H{ri:teD>}. 

We notice that /?(<) = x rj where j is the (unique) natural number such that 
t G Dj. (Note that it is here (and only here) that we use the discreteness hypothesis 
that Dj riD'j = 0.) In particular, therefore, < a(t) < [3{t) < 1. So we may choose 
an infinitely differentiable Orlicz function (j> t such that 

4>t{x) = when x < a(t) 
(j)t(x) > 1 when x > f3(t). 

We are going to show that Lemma 5 may be applied to these Orlicz functions 
and the subspace C(K) of i°° . It is convenient to state one of the ingredients of 
this proof as a property of the functions a and (3. 

Lemma 6. Let t n be a sequence of distinct elements of K which converges to some 
t G K. Then f3(t) < liminf a(t n ). 

Proof. By taking subsequences and diagonalizing, we may assume that a{t n ) tends 
to a limit as in oo, and also that, for each i G u, either all of £j+i, • • • are in 
Di, or else none is. Let M be the set of natural numbers i such that U+i, . . . are 
in Di. Then, for each n we have 

n n x - a ^ - n r " 

i<n, ieM i>n ieM 

whence a(t n ) — > IliGM r * as n ~^ 00 • ^ n ^ ne other hand, since the t n are distinct 
and t n G Di whenever n > i G M, it must be that the limit point t is in the derived 
set D[ whenever ieM. Thus 

P(t) = l[{r i :teD>}< Y[ ri . 

ieM 

To complete the proof of the theorem, we consider / G C(K) with ||/||<^(.) = 1. 
If no 5 and F exist with the property of Lemma 5, there exist a sequence (/„) 
in C(K) converging uniformly to / and a sequence of distinct elements (t n ) of K 
such that <j)(t n , \f n (t n )\) > for all n. For this to be the case, if must be that 
\fn(t n )\ > ct{t n ). Extracting a subsequence, we may suppose that the sequence 
(t n ) converges to some t G K. Now by uniform convergence and the continuity of / 
we have f(t) = lim n /„(£„), so that \ f(t) \ > f3(t) by Lemma 6. Thus 0(i, \f(t)\) > 1 
and ||/||<^(.) > 1, a contradiction, which ends the proof. 



8 



PETR HAJEK AND RICHARD HAYDON 



Remarks 

It follows from Lemma 4 that the norm constructed in Theorem 2 satisfies 

ll/lloo^ll/IUn^^ll/lloo, 

where a = fli^tu r »- Since we may arrange for a to be arbitrarily close to 1, we have 
shown that the supremum norm may be uniformly approximated on bounded sub- 
sets of C{K) by infinitely differentiable norms. We do not know whether all equiv- 
alent norms on C(K) (with K cr-discrete) can be thus approximated. In particular, 
we do not know this for the locally uniformly rotund norm recently constructed by 
the second author [8]. Of course it follows from the results of the present paper 
that any equivalent norm on our C{K) (like any other continuous function) can be 
uniformly approximated on bounded subsets by infinitely differentiable functions. 
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